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Abstract. Jets of modules over a commutative ring are well known to make up the representative
objects of linear differential operators on these modules. In noncommutative geometry, jets of
modules provide the representative objects only of a certain class of first order differential operators.
As a consequence, a generalization of the standard Lagrangian formalism on smooth manifolds to
noncommutative spaces is problematic.
Let K be a commutative ring and A a commutative K-ring. Let P and Q be A-modules
and J r(P ) the module of r-order jets of P . There is a A-module isomorphism
HomA(J
r(P ), Q) = Diff r(P,Q), (1)
where Diff r(P,Q) is the module of r-order Q-valued linear differential operators on an A-
module P [4]. It follows that the jet module J r(P ) is the representative object of the functor
Q→ Diff r(P,Q).
In particular, let A = C∞(X) be the R-ring of smooth real functions on a smooth
manifold X . If P is a projective C∞(X)-module of finite rank, it is isomorphic to the module
Y (X) of global sections of some vector bundle Y → X . In this case, J r(P ) is the module of
global sections of the r-order jet bundle JrY → X of Y → X . Furthermore, let Y → X be
an arbitrary smooth fibre bundle. An r-order (not necessarily linear) differential operator
on Y → X is defined as a bundle morphism of JrY → X to some smooth fibre bundle over
X . As a consequence, Lagrangian formalism on smooth manifolds is conventionally phrased
in the jet terms.
If A is not commutative, there are different definitions of (linear) differential operators
on modules over A [1, 2, 3, 5, 6]. Though the notion of a jet can be extended to a module P
over a noncommutative ring A, only the first order jet module J 1(P ) is the representative
object of a certain class of first order differential operators on P .
Let A be a commutative K-ring. Let P and Q be A-modules (central bimodules). The
K-module Hom K(P,Q) of K-linear homomorphisms Φ : P → Q is endowed with the two
1
different A-module structures
(aΦ)(p) := aΦ(p), (Φ • a)(p) := Φ(ap), a ∈ A, p ∈ P. (2)
We will refer to the second one as the A•-module structure. Let us put
δaΦ := aΦ− Φ • a, a ∈ A. (3)
The following definitions are equivalent.
Definition 1. An element ∆ ∈ Hom K(P,Q) is an r-order Q-valued differential operator
on P if δa0 ◦ · · · ◦ δar∆ = 0 for any tuple of r + 1 elements a0, . . . , ar of A.
Definition 2. An element ∆ ∈ Hom K(P,Q) is a zero order differential operator if δa∆ = 0
for all a ∈ A, and ∆ is a differential operator of order r > 0 if δa∆ for all a ∈ A is an
(r − 1)-order differential operator.
Given an A-module P , let us consider the tensor product A⊗K P of K-modules A and
P . We put
δb(a⊗ p) := (ba)⊗ p− a⊗ (bp), p ∈ P, a, b ∈ A. (4)
Let us denote by µk+1 the A-submodule of A⊗K P generated by elements of the type
δb0 ◦ · · · ◦ δbk(1⊗ p).
Definition 3. The k-order jet module J k(P ) of a module P is defined as the quotient of
the K-module A⊗K P by µ
k+1. We denote its elements a⊗k p.
The K-module J k(P ) is endowed with the A- and A•-module structures
b(a⊗k p) := ba⊗k p, b • (a⊗k p) := a⊗k (bp). (5)
There exists the module morphism
Jk : P ∋ p→ 1⊗k p ∈ J
k(P ) (6)
of the A-module P to the A•-module J k(P ) such that J k(P ), seen as an A-module, is
generated by elements Jkp, p ∈ P .
Theorem 4. Any Q-valued differential operator ∆ of order k on an A-module P factorizes
uniquely
∆ : P
J
k
−→J k(P ) −→Q
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through the morphism Jk (6) and some A-module homomorphism f∆ : J k(P )→ Q [4].
Let us denote J : P ∋ p 7→ 1⊗ p ∈ A⊗ P . The proof is based on the fact that
δb0 ◦ · · · ◦ δbk(f ◦ J)(p) = f(δ
b0 ◦ · · · ◦ δbk(1⊗ p)) (7)
for any f ∈ HomA(A ⊗ P,Q). The correspondence ∆ 7→ f
∆ yields the above mentioned
isomorphism (1).
Let now a K-ring A need not be commutative. Let P and Q be two-sided A-modules.
Two-sided A-modules throughout are assumed to be central bimodules over the center ZA
of A. The K-module Hom K(P,Q) can be provided with the left A- and right A
•-module
structures (2) and the similar right and left structures
(Φa)(p) := Φ(p)a, (a • Φ)(p) := Φ(pa), a ∈ A, p ∈ P. (8)
For the sake of convenience, we will refer to A − A• structures (2) and (8) as the left and
right A−A• structures, respectively. Let us put
δaΦ := Φa− a • Φ, a ∈ A, Φ ∈ Hom K(P,Q). (9)
It is readily observed that δa ◦ δb = δb ◦ δa for all a, b ∈ A.
We follow the notion of a differential operator in [5]. Let P and Q be regarded as left
A-modules. Let us consider the K-module Hom K(P,Q) provided with the left A − A
•
module structure (2). We denote Z0 its center, i.e., δaΦ = 0 for all Φ ∈ Z0 and a ∈ A. Let
I0 = Z0 be the A−A
• submodule of Hom K(P,Q) generated by Z0. Let us consider: (i) the
quotient Hom K(P,Q)/I0, (ii) its center Z1, (iii) theA−A
• submodule Z1 of Hom K(P,Q)/I0
generated by Z1, and (iv) the A − A
• submodule I1 of HomK(P,Q) given by the relation
I1/I0 = Z1. Then we define the A − A
• submodules Ir, r = 2, . . ., of Hom K(P,Q) by
induction as follows:
Ir/Ir−1 = Zr, (10)
where Zr is the A−A
• module generated by the center Zr of the quotient HomK(P,Q)/Ir−1.
Definition 5. Elements of the submodule Ir of Hom K(P,Q) are said to be the left r-order
Q-valued differential operators on a two-sided A-module P .
An equivalent definition is the following [6]
Definition 6. An element of ∆ ∈ Hom K(P,Q) is a left r-order Q-valued differential
operator on an A-module P if it is a finite sum
∆(p) = biΦ
i(p) + ∆r−1(p), bi ∈ A, (11)
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where ∆r−1 and δaΦ
i for all a ∈ A are left (r − 1)-order differential operators if r > 0, and
they vanish if r = 0.
The set of these operators is provided with the left and right A−A• module structures.
If A is a commutative ring, Definitions 5 and 6 come to Definition 2.
If P = Q = A, derivations of A and their compositions are differential operators on A
in accordance with Definition 6 [6].
By analogy with Definitions 5 and 6, one can define right differential operators on two-
sided A-modules as follows.
Definition 7. Let P and Q be seen as right A-modules over a noncommutative K-ring A.
An element ∆ ∈ Hom K(P,Q) is said to be a right zero order Q-valued differential operator
on P if it is a finite sum ∆ = Φibi, bi ∈ A, where δaΦ
i = 0 for all a ∈ A. An element
∆ ∈ Hom K(P,Q) is called a right differential operator of order r > 0 on P if
∆(p) = Φi(p)bi +∆r−1(p), bi ∈ A, (12)
where ∆r−1 and δaΦ
i for all a ∈ A are right (r − 1)-order differential operators.
Definition 5 and Definition 7 of differential operators on two-sided A-modules are not
equivalent, but one can combine them as follows.
Definition 8. Let P and Q be two-sided modules over a noncommutative K-ring A. An
element ∆ ∈ HomK(P,Q) is a two-sided zero order Q-valued differential operator on P if it
is either a left or right zero order differential operator. An element ∆ ∈ HomK(P,Q) is said
to be a two-sided differential operator of order r > 0 on P if it is brought both into the form
∆ = biΦ
i + ∆r−1, bi ∈ A, and ∆ = Φ
i
bi + ∆r−1, bi ∈ A, where ∆r−1, ∆r−1 and δaΦ
i, δaΦ
i
for all a ∈ A are two-sided (r − 1)-order differential operators.
One can think of this definition as a generalization of the definition of first order differ-
ential operators in noncommutative geometry in [2].
It is readily observed that two-sided differential operators in Definition 8 need not be left
or right differential operators, and vice versa. At the same time, A-valued derivations of a
K-ring A and their compositions obey Definition 8.
Turn now to the notion of jets in noncommutative geometry. One can follow Definition
3 in order to define the left jets of a two-sided module P over a noncommutative ring A.
However, the relation (7) does not hold if k > 0. Therefore, no module of left jets is the
representative object of left differential operators. The notion of a right jet of P meets the
similar problem.
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Given an A-module P , let us consider the tensor product A⊗K P ⊗KA of K-modules A
and P . We put
δb(a⊗ p⊗ c) := (ba)⊗ p⊗ c− a⊗ (bp)⊗ c,
δ
b
(a⊗ p⊗ c) := a⊗ p⊗ (cb)− a⊗ (pb)⊗ c, p ∈ P, a, b, c ∈ A.
Let us denote by µ1 the two-sided A-submodule of A⊗K P ⊗K A generated by elements of
the type δ
c
◦ δb(1 ⊗ p ⊗ 1). One can define the first order two-sided jet module J 1(P ) =
A⊗K P ⊗K A/µ
1 of P . Let us denote
J : P ∋ p 7→ 1⊗ p⊗ 1 ∈ A⊗ P ⊗A.
Then the equality
δb0 ◦ · · · ◦ δbk(f ◦ J)(p) = f(δ
b0 ◦ · · · ◦ δbk(1⊗ p⊗ 1))
holds for any f ∈ HomA−A(A ⊗ P,Q). It follows that J
1(P ) is the representative object
of the functor Q → Diff 1(P,Q) where the K-module Diff 1(P,Q) consists of two-sided first
order differential operators ∆ by Definition 8 which obey the condition δ
c
◦ δb∆ = 0 for all
c, b ∈ A. They are the first order differential operators defined in [2].
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